Abstract: In this paper we first consider a real-linear isometry T from a certain subspace A of C (X ) (endowed with supremum norm) into C (Y ) where X and Y are compact Hausdorff spaces and give a result concerning the description of T whenever A is a uniform algebra on X . The result is improved for the case where T (A) is, in addition, a complex subspace of C (Y ). We also give a similar description for the case where A is a function space on X and the range of T is a real subspace of C (Y ) satisfying a ceratin separating property. Next similar results are obtained for real-linear isometries between spaces of Lipschitz functions on compact metric spaces endowed with a certain complete norm.
Introduction
For a compact Hausdorff space X , let C (X ) be the Banach space of all continuous complex-valued functions on X endowed with the supremum norm · ∞ . The study of linear isometries between various Banach spaces of functions is a longstanding problem. By the classical Banach-Stone theorem every surjective linear isometry between C (X ) spaces, where X is a compact Hausdorff space, is a weighted composition operator which induces a homeomorphism between underlying topological spaces. This result has been extended to uniform algebra case by Nagasawa [11] and de Leeuw, Rudin and Wermer [9] .
The Banach-Stone theorem has been extended in several other directions. For the case where T is a (not necessarily surjective) linear isometry between certain subspaces of continuous functions we refer to [1, 7, 12] . In particular, for locally compact Hausdorff spaces X and Y , every linear isometry T from a strongly separating subspace A of C 0 (X ) into C 0 (Y ) can be written as a weighted composition operator on a subset of Y by [1] . Here by C 0 (X ) we mean the Banach space (with supremum norm) of all continuous complex-valued functions on X vanishing at infinity and a subspace A of C 0 (X ) is called strongly separating if for any distinct points 1 2 ∈ X there exists ∈ A such that | ( 1 )| = | ( 2 )|. Similar results for linear isometries (with respect to a certain complete norm) between spaces of Lipschitz functions have been obtained in [8, 12, 14, 16] .
If X 1 X 2 are compact Hausdorff spaces, M 1 is a uniform algebra on X 1 and M 2 is a function space on X 2 such that X 1 and X 2 are Shilov boundaries of M 1 and M 2 , respectively, then it is proved by Ellis [5] that for a surjective real-linear isometry T : M 1 → M 2 there exist a clopen subset K of X 2 and a homeomorphism : X 2 → X 1 such that T ( ) = T (1)( • ) on K and T ( ) = T (1)( • ) on X 2 \ K . In [15] Tonev and Yates considered norm additive condition T ( ) + T ( ) ∞ = + ∞ for a surjective map T : A → B between uniform algebras A and B on compact Hausdorff spaces X and Y . Clearly such map is a real-linear isometry by the Mazur-Ulam theorem. They proved that, under some additional assumption, T is an isometric algebra isomorphism which induces a homeomorphism between the Choquet boundaries of A and B. In [6] Hatori et al. obtained the same result for maps between (unital) semisimple commutative Banach algebras satisfying norm additive condition with respect to the spectral radius. Actually, their result gives a representation for surjective reallinear isometries (with respect to spectral radius) between semisimple commutative unital Banach algebras. Surjective real-linear isometries between uniform algebras on locally compact Hausdorff spaces have recently been studied by Miura in [10] . He proved that if A and B are uniform algebras on locally compact Hausdorff spaces X and Y and T : A → B is a surjective real-linear isometry, then there exist a continuous function κ from the Choquet boundary ch B of B to the unit circle, a clopen subset K of ch B and a homeomorphism :
In Section 3 of this paper we give a a description of a real-linear isometry (with respect to supremum norm) T between certain spaces of functions, not assumed to be surjective, for the case where either the domain of T is a uniform algebra or its range is a real subspace satisfying certain separating property (Theorems 3.4, 3.8 and Proposition 3.6). Proposition 3.6 may be considered as a generalization of [5] and of Miura's result [10] for compact case. In Section 4 we consider a complete norm on the space of all complex-valued Lipschitz functions on a compact metric space and give similar results for real-linear isometries (with respect to this norm) between Lipschitz spaces of functions.
Preliminaries
Given a compact Hausdorff space X , let C (X ) be the Banach algebra of all continuous complex-valued functions on X endowed with the supremum norm · ∞ . A function space on X is a closed complex subspace M of C (X ) containing the constants and separating the points of X , in the sense that for any distinct points ∈ X there exists ∈ M with ( ) = ( ). Throughout this paper the notation R-subspace and C-subspace will refer briefly to a real subspace and a complex subspace of C (X ), respectively.
For a C-subspace M of C (X ), M * C denotes the complex dual of M (with respect to the supremum norm, unless otherwise is specified), and Σ We denote the set of all strong boundary points of M (possibly an empty set) by τ(M).
A uniformly closed complex subalgebra A of C (X ) is called a uniform algebra on X if A contains the constants and separates the points of X . By a Banach function algebra on X we mean a complex subalgebra A of C (X ) which contains the constants, separates the points of X and is a Banach algebra under some norm (not necessarily supremum norm). It is well known that for the uniform algebra A on X , the Choquet boundary of A is, indeed, the set of all strong boundary points and moreover, ch A is dense in the Shilov boundary of A while for a Banach function algebra A on X , the set of all strong boundary points is not necessarily a boundary for A, see the example given in [3, Section 3] . A function in a uniform algebra A on X is called a peaking function for A if ∞ = 1 and for each ∈ X , either | ( )| < 1 or ( ) = 1.
In 
Supremum norm real-linear isometries
In this section we study real-linear isometries from a certain subspace A of continuous functions on X into C (Y ) where X and Y are compact Hausdorff spaces. We show that if A is a uniform algebra on X , then for a real-linear isometry
is a boundary for T (A) and there exists a clopen subset
for all ∈ A. In the case where A is a uniform algebra on X and the range of T is a C-subspace of C (Y ) we have automatically |T | = 1 on Y 0 . We also give a similar description for the case where A is a function space on X and
Our approach is based on the extreme points technique, but we should note that since, in this paper, we deal with real subspaces of continuous complex-valued functions, the well-known results for the case where the field may be assumed to be R, cannot be used. So we need the following proposition concerning the extreme points of Σ M R for a closed R-subspace M of C (X ).
Proposition 3.1.
Let X be a compact Hausdorff space.
Proof. Proof. Assume on the contrary that there exists a point ∈ H ∩H . Then there are β γ ∈ T such that T * (Re β ) = Re and T * (Re γ ) = Re . As we noted before this implies that T (V ) ⊆ βW and T (V ) ⊆ γW . In particular T 1( ) = β and T 1( ) = γ, that is β = γ. Therefore, Re ( ) = Re(β T ( )) = Re(γ T ( )) = Re ( ) for all ∈ A, while since A separates the points of X and contains the constants we can find a function ∈ A with ( ) = 1 and ( ) = 0, a contradiction.
Using the above lemma we can define a map Φ : Y 0 → ch A such that for each ∈ Y 0 , Φ( ) is the unique point ∈ ch A with ∈ H . Clearly Φ is a surjective map.
Lemma 3.3.

Under the above hypotheses there exists a continuous function α
Proof. Let ∈ Y 0 . Then there exist β ∈ T and ∈ ch A such that T * (Re β ) = Re . Therefore, Re(β T ( )) = Re ( ) for all ∈ A. Clearly this implies that T 1( ) = β and Re(β T ( )) = 0 and consequently T ( )( ) = α( ) · T 1( ) for some scalar α( ) ∈ [−1 1]. We note that since for every ∈ ch A, 1 ∈ V we have |T (1)| = 1 on Y 0 and since α( ) = T ( )/( T 1( )) it follows that α is continuous.
Remark.
As we noted above |T (1)| = 1 on Y 0 . However under the additional assumption T (1) = 1 we have T ( ) = ( ) for some real-valued function ∈ C (Y ) whose values are in [− 1 1] . For this it suffices to note that for each ∈ Y and ∈ R,
which easily implies that Re(T ( )( )) = 0 and so it suffices to consider = T ( )/ . 
, the above argument shows that T ( ) = 0, i.e. T ( ) = T ( (Φ( )))( ) and consequently
as desired.
For the first part, we need to show that Φ is continuous. 
Remarks.
a) Since the uniform closure A of a subalgebra A of C (X ) containing the constants and separating the points of X is a uniform algebra on X and, furthermore, a real-linear isometry T : A → C (Y ) can be extended to a real-linear isometry from A to C (Y ), the above result can be easily restated for such case. b) In the above theorem the assumption that A is a uniform algebra has been used just for applying the additive version of Bishop's lemma (Proposition 2.1) and for using the fact that every point in ch A is a strong boundary point. If we replace Y 0 by Y 0 and Φ by its restriction Φ Y 0 whose values consist of strong boundary points of A, then since the isometry T is real-linear, the same proof can be applied to give similar descriptions for the case where A is a function space on X satisfying the following ( * )-property: for every ∈ ch A, the real span of the set ∈ A ∩ ker : + 2 ∞ ∈ 2 ∞ V for some ∈ V is dense in A ∩ ker .
Corollary 3.5.
Let M be a function space on X with τ(M) = ∅. Assume that M is conjugate closed and Re M is closed under taking the maximum of pairs of functions. Then for every real-linear isometry T : M → C (Y ) there are continuous functions
Proof. By The second part is immediate from Theorem 3.4.
In the next theorem we give a similar description of T (as in the above proposition) for the case where A is a function space and the R-subspace B = T (A) of C (Y ) satisfies a certain separating property introduced in the next definition.
Definition 3.7.
Let K be a compact Hausdorff space and M be an R-subspace of C (K ). We say that M is T-separating if for any distinct points ∈ K and scalars λ λ ∈ T there exists a function ∈ M such that ∞ = 1, ( ) = λ and ( ) = λ .
If M is an R-subspace of C (K ), for some compact Hausdorff space K , such that for each 0 ∈ K , λ ∈ T and open neighborhood U of 0 there exists a function ∈ M such that ∞ = 1, ( 0 ) = λ and = 0 on K \ U then M is T-separating. Indeed, for two distinct points ∈ X and scalars λ λ ∈ T, choosing disjoint neighborhoods U and V of and , respectively, we can find functions ∈ M whose cozero sets are contained in U and V , respectively, ( ) = λ, ( ) = λ and ∞ = ∞ = 1. Then = + has the desired properties. In particular, if M is a conjugate closed, regular C-subspace of C (K ) which contains the constants and Re M is closed under taking the maximum, then M is T-separating. Here by the regularity of M we mean that for each ∈ K and neighborhood U of there exists ∈ M such that ( ) = 1 and = 0 on K \ U. 
Theorem 3.8.
Let A be a function space on a compact Hausdorff space X with τ(A) = ∅, B be a T-separating R-subspace of C (Y ) for some compact Hausdorff space Y and T : A → B be a surjective real-linear isometry. Then the set Y
Proof. Let ∈ τ(A). Then since τ(A) ⊆ ch
for all ∈ A, where ∈ τ(A) such that ∈ H .
We now show that if ∈ A and ∈ τ(A) such that ( ) = 0 then T ( ) = 0 for all ∈ H . Suppose that ( ) = 0 and assume on the contrary that T ( ) = 0 for some ∈ H . Choose β γ ∈ T as in (3) 
Real-linear isometries between Lipschitz spaces
For a compact metric space (X ), let Lip(X ) be the algebra of all continuous complex-valued functions on X such that sup {| ( ) − ( )|/ ( ) : ∈ X = } < ∞. Clearly, if we consider a real-linear isometry T (with respect to supremum norm) on Lip(X ), then Theorem 3.4 and the remark after it provide a description of T . In this section we extend the results of Section 3 to real-linear isometries between Lipschitz spaces of functions endowed with certain Banach space norm.
Let (X ) be a compact metric space and X = {( ) ∈ X × X : = }. Define by β X the Stone-Čech compactification of X and by W the disjoint union of X and β X . We endow Lip(X ) with the following complete norm:
where
where ( ) = ( ( ) − ( ))/ ( ), ( ) ∈ X , and β is the extension of to β X , is a complex-linear isometry called the de Leeuw isometry.
For an R-subspace B of Lip(X ), B * R and Σ B R denote the real dual of B and the closed unit ball of B * R with respect to the above norm. For ∈ W we use the notation for the linear functional on Lip(X ) defined by ( ) = Ψ( )( ). Clearly, ∈ Σ Lip(X ) C and for every ∈ X , = on Lip(X ). By [14] every extreme point of Σ Lip(X ) C has the form λ for some λ ∈ T and ∈ W , moreover, for each λ ∈ T and ∈ X , λ ∈ ext Σ Lip(X ) C . As before, since → Re defines a real-linear isometry from Lip(X ) * C onto Lip(X ) * R , it follows that {Re λ :
We should note that since Ψ : Lip(X ) → C (W ) is a linear isometry, for each closed R-subspace B of Lip(X ), Ψ(B) is a closed R-subspace of C (W ) and it follows from Proposition 3.1 that every extreme point of Σ B R has the form Re λ for some λ ∈ T and ∈ W .
Surjective complex-linear isometries between Lip(X ) spaces have been studied in [12, 14] for the case that X is connected and its diameter is at most 1. Complex-linear isometries, not assumed to be surjective, between such spaces of functions have been considered in [8] . By [8] it follows that for each ∈ X there are ∈ W and λ ∈ T such that T * (Re λ ) = Re , that is Re(λΨ(T )( )) = Re ( ) for all ∈ Lip(X ). We now show that for each ∈ X , the above point associated to is, indeed, a point of Y . Assume on the contrary that ∈ β Y . We note that for each (
On the other hand, Re(λΨ(T 1)( )) = Re 1( ) = 1, which is a contradiction.
In the sequel we assume that X and Y are compact metric spaces, T is a real-linear isometry from Lip(X ) to Lip(Y ) such that T 1 is a contraction. Proof. Let = 1 − and = 1 − /2. Then since ( 
which imply that also satisfies the desired conditions.
We now give a description of real-linear isometries between Lipschitz spaces. Proof. Let B = T (Lip(X )) and let Y 0 , Φ and α be defined as above. We show that for each ∈ X and ∈ Lip(X ) with ( ) = 0 we have T ( ) = 0 where = Φ( ). For this it suffices to note that since Lip(X ) is conjugate closed and Re(Lip(X )) is closed under taking the maximum of pairs of functions, can be decomposed as = The proof of the second part is similar to Theorem 3.4.
Remark.
In the above theorem, since α and Φ are Lipschitz functions, they can be extended to Lipschitz functions on the closure Y 0 of Y 0 and the description given in this theorem is valid for the points in Y 0 . However, under the additional assumption |T | = 1, since |T ( )| = | (Φ( ))| holds for all ∈ Lip(X ) and ∈ Y 0 and Φ : Y 0 → X is surjective, it follows that for each ∈ Y 0 there exists 0 ∈ Y 0 such that |T ( )| = |T ( 0 )| for all ∈ Lip(X ). Hence, in this case Y 0 is closed if the range B of T is strongly separating.
